An inverse problem of Calderon type with

partial data

Jussi Behrndt

Graz University of Technology

jointly with Jonathan Rohleder

MOPNET 5 meeting, UCL




PART |

The Calderdn problem (with partial data)




Calderon’s problem

Q C R" bdd., 02 C>®
fy:ﬁ—>R,72€>0




Calderon’s problem

Q C R" bdd., 02 C>®
fy:ﬁ—>R,72€>0

V. -AVu=0, U|8Q:f




Calderon’s problem

Q C R" bdd., 02 C>®
fy:ﬁ—>R,72€>0

V- AVu =0, ulsg = f € H'/2(0Q)




Calderon’s problem

Q C R"bdd., 9Q C>
7 Q=R Y>>0

o2
V -4Vu =0, ulsq = f € H'/?2(0Q) has unique sol. u € H'(Q).




Calderdn’s problem

Q C R" bdd., 02 C>®
fy:§—>R,726>0

o2
V -4Vu =0, ulsq = f € H'/?2(0Q) has unique sol. u € H'(Q).

o

Dirichlet-to-Neumann map

M, s HV2(02)  HV2(09),  ulon = 700




Calderon’s problem

Q C R" bdd., 02 C>®
fy:§—>]R{,fyze>0

V -4Vu =0, ulsg = f € H'/2(6Q) has unique sol. u e H'(Q

Dirichlet-to-Neumann map

M, - H'/2(8Q) — H~/2(69), u|8QHya laa

Calderén’s problem, 1980

@ Uniqueness: M., = M,, — Y1 ="y21in Q




Calderdn’s problem

Q C R"bdd., 9Q C>
7 Q=R Y>>0

V -4Vu =0, ulsg = f € H'/2(6Q) has unique sol. u e H'(Q

Dirichlet-to-Neumann map

M, - H'/2(8Q) — H~/2(69), u|BQH78 laa

Calderén’s problem, 1980

@ Uniqueness: M., = M,, — Y1 ="y21in Q
@ Reconstruction of ~ in Q2 from M, ?




Calderon’s problem

Q C R" bdd., 02 C>®
fy:§—>R,726>0

V -4Vu =0, ulsg = f € H'/2(6Q) has unique sol. u e H'(Q

Dirichlet-to-Neumann map

M, - H'/2(8Q) — H~/2(69), u|BQH78 laa

Calderén’s problem, 1980

@ Uniqueness: M., = M,, — Y1 ="y21in Q
@ Reconstruction of ~ in Q2 from M, ?

Origins: EIT;  isotropic conductivity of inhom. body Q2
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Related problems

@ Gelfand inverse boundary spectral problem: M Manifold,
A second-order elliptic operator on H2(M) N H} (M)

{OM, N, Ovpjlom}iZy = {A, M} up to gauge equiv.
@ Some milestones [Belishev, 1987] [BelishevKurylev, 1992]

@ Monograph [KatchalovKurylevLassas, 2001]
@ Incomplete data [KatchalovKurylev, 1998]

@ Inverse problem for the wave equation with elliptic data or
boundary spectral data
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unif. elliptic on Q, ay, aj € C%1(Q), a€ L*(Q,R), aj = ay

@ QCR"bdd., 92 C*', n=23,...

@ w (arbitrarily small) open subset of 9Q
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Selfadjoint Dirichlet operator in L2(Q)

Au=Lu, domA={ucHIQ): Luc L3Q)}

o

A-dependent Dirichlet-to-Neumann map

For A € p(A) define

ou
/2 —1/2 hhal’}
) = HVE(ERR) = RTHEER, B 2 P

with uy € H'(Q) unique sol. of Lu = \u, uy|sq = f € H'/2(09Q)

W

ajy, a;, a are NOT uniquely determined by M(0) or M(\)
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L1, Lo as above, A4, A, selfadjoint Dirichlet operators in LQ(Q),

(My(\)F)(x) = (Mo(V)F)(x), e HY?(0Q),suppf C w,x € w

for A € D with accumulation point in p(A1) N p(Az).

Then Ay and A, are unitarily equivalent: U='A;U = A,
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A mild reconstruction result

Theorem [B. & Rohleder, 2010]

A = L Dirichlet op., M(-) DN-map, M,,(-) restriction onto w

@ uy Eigenvalue of A <= i pole of A — M, (A)
® Py :ker(A— k) — ran Res,, M, (), u— HL| isomorphism

@ There exist ¢, € H'/2(8Q), supp ¢x C w, such that

is ONB of L2(Q) and

Au=>" (U, v)ibx, U € domA.
k=1
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Ideas and methods

Extension theory of symmetric operators
@ Simplicity of symmetric operators [Krein, 1944]
@ Boundary triples and abstract Weyl functions
@ General abstract notion: [DerkachMalamud, 1991 & 1995]
@ Modified for PDE’s: [B. & Langer, 2007]

Related work on PDEs

[Visik, 1952][Grubb, 1968][AmreinPearson, 2004][Post, 2007]
[Ryzhov, 2007][Posilicano, 2008][BrownMarlettaNabokoWood, 2008]
[BrownGrubbWood, 2009][GesztesyMitrea, 2009][Malamud, 2010]

Related abstract work

[NagyFoias, 1970][KreinLanger, 1977][LangerTextorius, 1977]
[Azizov, 1984][DijksmalLangerSnoo, 1987][Jonas, 1992 & 2000]
[BrownHinchcliffMarlettaNabokoWood, 2009]

Unigue continuation

[Aronszjan, 1957][H6rmander, 1983][Wolff, 1993][Tataru, 1995]
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An underlying symmetric operator

9 9 ! d 9
SU: EU: —lkz1 67)(/ajk87xku+z (ajaxju— 8)(jaju> + au

dom S = {u € H)(Q): Lu e L2(Q), 22| = o}

@ S densely defined closed symmetric operator in L?(Q)

@ S semibounded and infinite defect

@ A=L [ {ue H}(Q): Lu € L?(Q)} selfadjoint extension

@ Tu=Lu,domT = {ue H'(Q) : Lu € [3(Q), u|pa\, =0} :

SCAcCTcT=8

@ Weyl or M-function of T: DN-map M,,(-) on w
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Key ingredients in the proofs

Weyl function M,, on the boundary w can only “see”

clspan {ker (T — ) : A € C\ R} C L3(Q).

Lemma [Wolff, 1993] [Gilbert 1972]

S is a simple symmetric operator.

Lemma [Krein, 1944]

Let O be an open subset of C*. If S'is simple, then

span {ker (T — ) : A € OU O*} dense in L2(Q).

. o

Theorem

DN-map M,, on the boundary w can “see” all of L?(Q).

B. & Rohleder, An inverse problem of Calderdn type with partial
data, to appear in Comm. PDE
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