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PART I
The Calderón problem (with partial data)
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Calderón’s problem, 1980

Uniqueness: Mγ1 = Mγ2
?

=⇒ γ1 = γ2 in Ω

Reconstruction of γ in Ω from Mγ?

Origins: EIT; γ isotropic conductivity of inhom. body Ω



Some milestones

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [SylvesterUhlmann, 1987]
Let n ≥ 3 and γ1, γ2 ∈ C∞(Ω). If

Mγ1 f = Mγ2 f , f ∈ H1/2(∂Ω) on ∂Ω

then γ1 = γ2 on Ω.



Some milestones

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [NachmanSylvesterUhlmann, 1988]
Let n ≥ 3 and γ1, γ2 ∈ C1,1(Ω). If

Mγ1 f = Mγ2 f , f ∈ H1/2(∂Ω) on ∂Ω

then γ1 = γ2 on Ω.



Some milestones

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [Nachman, 1988]
Let n ≥ 3 and γ1, γ2 ∈ C1,1(Ω). If

Mγ1 f = Mγ2 f , f ∈ H1/2(∂Ω) on ∂Ω

then γ1 = γ2 on Ω can be reconstructed.



Some milestones

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [Nachman, 1996]
Let n = 2 and γ1, γ2 ∈W 2,p(Ω) for some p > 1. If

Mγ1 f = Mγ2 f , f ∈ H1/2(∂Ω) on ∂Ω

then γ1 = γ2 on Ω can be reconstructed.



Some milestones

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [AstalaPäivärinta, 2006]
Let n = 2 and γ1, γ2 ∈ L∞(Ω). If

Mγ1 f = Mγ2 f , f ∈ H1/2(∂Ω) on ∂Ω

then γ1 = γ2 on Ω.



A recent result with partial data

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

x0

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.



A recent result with partial data

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

x0
F (x0)

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.



A recent result with partial data

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

x0
F (x0)

B(x0)

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.



A recent result with partial data

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

x0
F (x0)

B(x0)

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [KenigSjöstrandUhlmann, 2007]

Let n ≥ 3, γ1, γ2 ∈ C2(Ω), F̃ ⊇ F (x0), B̃ ⊇ B(x0), F̃ , B̃ ⊂ ∂Ω,

(Mγ1 f )(x) = (Mγ2 f )(x), f ∈ H1/2(∂Ω), supp f ⊆ B̃, x ∈ F̃ .

Then γ1 = γ2 on Ω.



A recent result with partial data

Ω ⊆ Rn bdd., ∂Ω C∞

γ : Ω → R, γ ≥ ε > 0

Ω ∂Ω

x0
F (x0)

B(x0)

∇ · γ∇u = 0, u|∂Ω = f ∈ H1/2(∂Ω) has unique sol. u ∈ H1(Ω).

Mγ : H1/2(∂Ω) → H−1/2(∂Ω), u|∂Ω &→ γ
∂u
∂ν

∣∣
∂Ω

.

Theorem [NachmanStreet, 2010]
Let n ≥ 3, γ1, γ2 ∈ C2(Ω), F̃ ⊇ F (x0), B̃ ⊇ B(x0), F̃ , B̃ ⊂ ∂Ω,

(Mγ1 f )(x) = (Mγ2 f )(x), f ∈ H1/2(∂Ω), supp f ⊆ B̃, x ∈ F̃ .

Then γ1 = γ2 on Ω can be reconstructed.



Related problems

Gelfand inverse boundary spectral problem: M Manifold,
A second-order elliptic operator on H2(M) ∩ H1

0 (M)

{∂M, λj , ∂νϕj |∂M}∞j=1 ⇒ {A,M} up to gauge equiv.



Related problems

Gelfand inverse boundary spectral problem: M Manifold,
A second-order elliptic operator on H2(M) ∩ H1

0 (M)

{∂M, λj , ∂νϕj |∂M}∞j=1 ⇒ {A,M} up to gauge equiv.

Some milestones [Belishev, 1987] [BelishevKurylev, 1992]



Related problems

Gelfand inverse boundary spectral problem: M Manifold,
A second-order elliptic operator on H2(M) ∩ H1

0 (M)

{∂M, λj , ∂νϕj |∂M}∞j=1 ⇒ {A,M} up to gauge equiv.

Some milestones [Belishev, 1987] [BelishevKurylev, 1992]
Monograph [KatchalovKurylevLassas, 2001]



Related problems

Gelfand inverse boundary spectral problem: M Manifold,
A second-order elliptic operator on H2(M) ∩ H1

0 (M)

{∂M, λj , ∂νϕj |∂M}∞j=1 ⇒ {A,M} up to gauge equiv.

Some milestones [Belishev, 1987] [BelishevKurylev, 1992]
Monograph [KatchalovKurylevLassas, 2001]
Incomplete data [KatchalovKurylev, 1998]



Related problems

Gelfand inverse boundary spectral problem: M Manifold,
A second-order elliptic operator on H2(M) ∩ H1

0 (M)

{∂M, λj , ∂νϕj |∂M}∞j=1 ⇒ {A,M} up to gauge equiv.

Some milestones [Belishev, 1987] [BelishevKurylev, 1992]
Monograph [KatchalovKurylevLassas, 2001]
Incomplete data [KatchalovKurylev, 1998]

Inverse problem for the wave equation with elliptic data or
boundary spectral data
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with uλ ∈ H1(Ω) unique sol. of Lu = λu, uλ|∂Ω = f ∈ H1/2(∂Ω)

ATTENTION !
ajk , aj , a are NOT uniquely determined by M(0) or M(λ)
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µk Eigenvalue of A⇐⇒ µk pole of λ &→ Mω(λ)

Pk :ker(A− µk )→ ran ResµkMω(·), u &→ ∂u
∂νL
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ω
isomorphism

There exist φk ∈ H1/2(∂Ω), suppφk ⊆ ω, such that
{
ψk = P−1

k Resµk Mω(·)φk : µk pole of λ &→ Mω(λ)
}∞

k=1

is ONB of L2(Ω) and

Au =
∞∑

k=1
µk (u, ψk )ψk , u ∈ domA.
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Unique continuation
[Aronszjan, 1957][Hörmander, 1983][Wolff, 1993][Tataru, 1995]
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The end

Thank you!


