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

 : H1
0 (0,∞)2 −→ L2(0,∞)2

σ(D0) = (−∞,−1] ∪ [1,∞) κ ∈ N

V (r) ≤ 0

V ∈ C∞(0,∞)
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D0 + V = (D0 + V )∗

σess(D
0 + V ) = σ(D0)

H = D0 + V

V (r) = α
r
, −

√
3

2
< α < 0 and V (r) = γ

1+r2 , γ < 0
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Motivation

L = Span{b1, . . . , bn} ⊂ D(H)

KL = [〈Hbj, bk〉]
n
jk=1 BL = [〈bj, bk〉]

n
jk=1

µ ∈ σ(H,L) ⇐⇒ ∃u 6= 0, (KL − λBL)u = 0

lim
L↑D(H)

σ(H,L) ⊇ σ(H) (⊆ not necessarily)
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Is pollution really an issue?
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Lh
n - Lagrange elements of order 1 uniform mesh on a finite interval

n segments of length h, same dimension in first and second component.
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Is pollution really an issue?

φh
j - piecewise linear hat function, max at jh

Lh = Span
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≃ ℓ2(N,C2)

H =





1 −∂r

∂r −1



 +
1

r





α κ

κ α



 = A+ B

A ↾ Lh - Block Toeplitz op B ↾ Lh - Compact

Pollution is preserved under compact perturbations
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Rough enclosures

LL = [〈Hbj, Hbk〉]
n
jk=1

λ ∈ σ2(H,L) ⇐⇒ ∃u 6= 0, (LL − 2λKL + λ2BL)u = 0

Theorem [Levitin & Shargorodsky]

λ ∈ σ2(H,L) ⇒
[α, β] ∩ σ(H) 6= ∅

α = Reλ− |Imλ|, β = Reλ+ |Imλ|

Davies, Levitin, Shargorodsky, Strauss
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Rough enclosures
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Rough enclosures
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Rough enclosures

Theorem
Let V be as above and such that rαV (r) is locally bounded
for some 0 < α < 1. Let E ∈ σdisc(H). For any 1 < q < 5/4,
there exists b > 0 and λNM ∈ σ2(H,LNM) such that

|λNM − E| < b(N− q−1

2 +M− q−1

2 ).
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A variational principle

H





φ

ψ



 = E





φ

ψ



 ⇐⇒
LEφ = 0

ψ=−(V −1−E)−1(∂r+
κ
r
)φ

Lλ = (−∂r + κ
r
)(1 + λ− V )−1(∂r + κ

r
) + V + 1 − λ

V - “reasonable” ⇒ min σess(Lλ) = 1 − λ ≥ 0, λ ∈ (−1, 1)

E ∈ σdisc(H) ⇐⇒ 0 ∈ σdisc(LE)

Dolbeault, Esteban, Séré
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A variational principle

µλ ∈ σdisc(Lλ)
∂µλ

∂λ

∣

∣

λ=E
≤ −1

A(E)φ = 0

A(λ)φ =

∫ ∞

0

|(rκφ(r))′|2

r2κ(1 + λ− V (r))
+ (V (r) + 1 − λ)|φ(r)|2

ÃL(λ) = [〈A(λ)bj, bk〉]
n
jk=1
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The Fn method

L = L∗ (α, β) ∩ σ(L) = {E}

min
06=φ∈L

〈Lφ, φ〉

〈φ, φ〉
< α < β < max

06=φ∈L

〈Lφ, φ〉

〈φ, φ〉

τ− = min
06=φ∈L

〈(L−β)φ, φ〉
〈(L−β)φ, (L−β)φ〉 < 0 τ+ = max

06=φ∈L

〈(L−α)φ, φ〉
〈(L−α)φ, (L−α)φ〉 > 0

Theorem [Davies & Plum]

β +
1

τ−
≤ E ≤ α +

1

τ+

Davies & Plum, Mertins & Zimmermann
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The Fn method

(∗) (QL − τRL)u = 0 u 6= 0

RL = [〈(L−δ)bj, bk〉]
n
jk=1 QL = [〈(L−δ)bj, (L−δ)bk〉]

n
jk=1

τ− - negative eva of smallest modulus of (∗) for δ = β

τ+ - positive eva of smallest modulus of (∗) for δ = α

We can take L = Lµ, E . µ or L = H
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Numerical experiments
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2r
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Lh - Hermite elements on a uniform mesh of max el size h
in [0, 128].
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Numerical experiments
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Open questions

HB = α · (−i∇ +
1

2
B(−x2, x1, 0)) + β −

ν

|x|

α = (α1, α2, α3)

αi =





0 σi

σi 0



 β =





IC2 0

0 −IC2





σ1 =





0 1

1 0



 σ2 =





0 −i

i 0



 σ3 =





1 0

0 −1




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