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What this talk is about and motivation

© Intro: what and why?
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Our Objects and Questions of Study

Let U, V and W be compact sets in C and

V1 w1
lp Vo wo

u Vi

with
ue U, vie Vand w; € W,

and let ...
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Our Objects and Questions of Study
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Our Objects and Questions of Study

v w Vi wm
v w2 w
up vo Wy
AL = A, =
+ u3 Vs ) n
Wp—1
Up Vn

In the case that u;, v;, w; are iid random variables:

@ What are spectra of A, A;, and A,? How are they related?
@ How to compute spectra of A and A7

@ How to solve Ax = b and Ay xy = b7
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Large interest in mathematical physics literature,
e.g. random Schrédinger operator

. V_1 1
A= 1 v 1 ’
1 Vi

with v; € V C R.
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Large interest in mathematical physics literature,
e.g. non-selfadjoint Anderson model (Hatano & Nelson 1996)

with g >0 and v; € V = [—a, a].
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Motivation

Large interest in mathematical physics literature,
e.g. random hopping model (Feinberg & Zee 1999)

+1

+1
0

+1

+1

The picture is our best guess/computation of spec A.
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MOPNet Connection?

@ This is imperfect: standard spectra - not generalised versions -
but this is hard enough!
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MOPNet Connection?

@ This is imperfect: standard spectra - not generalised versions -
but this is hard enough!
e But follow-on from:

o Talk by Marko Lindner at MOPNet 0
o Recent visit, part MOPNet-funded, to Reading by Marko
Lindner and Gil Strang

We include here new results arising from that visit.
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Spectral Set Definitions for Matrices and Operators

© Spectral Set Definitions
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Matrix Spectrum

For a square matrix B, the spectrum is

specB = {X € C: Al — B not invertible}
= {eigenvalues of B} = {eigenvalues of B'}.
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Infinite Matrix Spectrum

For B = A or A;, the spectrum as an operator on
P ={x:|x|p < oo} is

spec?’B = {\ € C: Al — B not invertible as an operator on (P}
D specgointB = { eigenvalues of B (as operator on ¢P)}.
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Infinite Matrix Spectrum

For B = A or A;, the spectrum as an operator on
P ={x:|x|p < oo} is

spec?’B = {\ € C: Al — B not invertible as an operator on (P}
> specgointB = { eigenvalues of B (as operator on ¢P)}.

Helpfully, specPB is same for all p (so we abbreviate as spec B).
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Fredholm operators
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Fredholm operators

im A
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Fredholm operators

Simon Chandler-Wilde Random Tri-Diagonal Operators



Fredholm operators
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Fredholm operators

A
i\

V"
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Fredholm operators

A
V"

Definition

A: E — E is a Fredholm operator
if @ := dim(ker A) and [ := codim(im A) are both finite.
The difference o« — (3 is then called the index of A.
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Fredholm operators

im A

(closed)

Definition

A: E — E is a Fredholm operator

if @ := dim(ker A) and [ := codim(im A) are both finite.
The difference o« — (3 is then called the index of A.
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Infinite Matrix Essential Spectrum

For B = A or A4, the essential spectrum as an operator on
P = {x:|x|p < oo} is

spect B = {\ &€ C: Al — A not Fredholm as an operator on (P}
C specB.
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Infinite Matrix Essential Spectrum

For B = A or A4, the essential spectrum as an operator on
P = {x:|x|p < oo} is

spect B = {\ &€ C: Al — A not Fredholm as an operator on (P}
C specB.

Helpfully (Lindner 2008), specfsB is same for all p (so we
abbreviate as spec.B).

An important distinction

o If \ € spec B but ¢ spec.. B then By = A\¢p or BT ¢p = \op
with ¢ exponentially localised.
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Infinite Matrix Essential Spectrum

For B = A or A4, the essential spectrum as an operator on
P = {x:|x|p < oo} is

spect B = {\ &€ C: Al — A not Fredholm as an operator on (P}
C specB.

Helpfully (Lindner 2008), specfsB is same for all p (so we
abbreviate as spec.B).

An important distinction

o If \ € spec B but ¢ spec.. B then By = A\¢p or BT ¢p = \op
with ¢ exponentially localised.

o If A € spec. B then, for every ¢ > 0, ||[B¢ — A\p||x < €, with
¢ not localised, i.e. |¢,| /4 0 as |[m| —oo .

Simon Chandler-Wilde Random Tri-Diagonal Operators



Limit Operator Methods and Results

© Limit Operator Methods
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Limit Operators: Definition

Limit operators: a key concept for understanding and
characterising spectral sets for infinite matrices.

Definition

We call B = (bjj)ijez a limit operator of A = (ajj)ijcz

if there is a sequence hy, hy, ... € Z with |h,| —oo such that,
forall i,j € Z,

Ait+hy, j+hy, b,'j as n — oQ.

We write Aj, instead of B, where h = (hy, ho, ...).
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Limit Operators: An Example

Example: Let A be a discrete Schrédinger operator

b, 1
1 b 1
1 b

with the following potential

b: ("'757/8?ﬂ7ﬁ7a7a7a’

4 3

@a%7%@/,a7jaayﬁuﬁ;ﬁyﬁa--.).
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Limit Operators: An Example
b: ("'767/8757ﬁ7a7a7a?ﬂ?ﬁ?&?ﬁ?ﬁ?OC?a?a?ﬁ?/B?ﬁ?ﬁ?"')'
SN—— N N S ——

4 3 2 1 2 3 4

Then all limit operators of A are of the form
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Limit Operators: An Example
b: ("'767/8757ﬁ7a7a7a?ﬂ?ﬁ?&?ﬁ?ﬁ?OC?a?a?ﬁ?/B?ﬁ?ﬁ?"')'
SN—— N N S ——

4 3 2 1 2 3 4

Then all limit operators of A are of the form

=
—

Q

—

=
=

Q

[

—
R
—
=
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Limit Operators: An Example
b:("'767/8757ﬁ7a7a7a?ﬂ?ﬁ?&?ﬁ?ﬁ?OC?a?a?ﬁ?/B?ﬁ?ﬁ?"')'
WV’Y Y N S ——

4 3 2 3 4

Then all limit operators of A are of the form

@

A Y —
= Q
Q =

—
R
—
=

or they are translates of the latter two matrices.
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Limit Operators and Random Matrices

Example: Let again A be a discrete Schrédinger operator

b, 1
1 b 1
1 b

but now with ..., b_1, bg, by, ... independent samples from a
random variable with values in a compact set ¥ C C.

Then, with probability 1, b= (..., b_1, by, b1, ...) is a
pseudo-ergodic sequence over ¥, by which we mean the following:
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Limit Operators and Random Matrices

Then, with probability 1, b= (..., b_1, by, b1, ...) is a
pseudo-ergodic sequence over ¥, by which we mean the following:

Definition Davies 2001

A sequence b = (bk)kez is called pseudo-ergodic over ¥ C C

if every finite vector ¢ = (¢;);efF with values ¢; € ¥ can be found,
up to arbitrary precision € > 0, somewhere inside the infinite
sequence b, i.e.

Ve>0 dmeZ: ma,_g<|b,-+m—c;| < e
e
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Limit Operators and Random Matrices

Then, with probability 1, b= (..., b_1, by, b1, ...) is a
pseudo-ergodic sequence over ¥, by which we mean the following:

Definition Davies 2001

A sequence b = (bk)kez is called pseudo-ergodic over ¥ C C

if every finite vector ¢ = (¢;);efF with values ¢; € ¥ can be found,
up to arbitrary precision € > 0, somewhere inside the infinite
sequence b, i.e.

Ve>0 dmeZ: ma,_g<|b,-+m—c;| < e
e

If the potential b is pseudo-ergodic then every discrete
Schrédinger operator with a potential ¢ = (..., c_1, ¢, c1, ...) over
Y (including A itself) is a limit operator of A — and vice versa.
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Limit Operators and Fredholmness

Let A be our bi-infinite tri-diagonal matrix.

Then it is not hard to see that

A Fredholm = all limit operators of A are invertible. |
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Limit Operators and Fredholmness

Let A be our bi-infinite tri-diagonal matrix.

Then it is not hard to see that

A Fredholm = all limit operators of A are invertible. |

In fact, also the reverse implication holds:

Theorem Rabinovich, Roch, Silbermann 1998; Lindner 2003

The following are equivalent for all p € [1, o¢]:
o Ais Fredholm on /P,

@ all limit operators of A are invertible on /P,
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Limit Operators and Fredholmness

Let A be our bi-infinite tri-diagonal matrix.

Then it is not hard to see that

A Fredholm = all limit operators of A are invertible. |

In fact, also the reverse implication holds:

Theorem Rabinovich, Roch, Silbermann 1998; Lindner 2003; C-W, Lindner 2008

The following are equivalent for all p € [1, o¢]:
o Ais Fredholm on /P,
@ all limit operators of A are invertible on /P,

@ all limit operators of A are injective on /*°.
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Limit Operators and Fredholmness

Theorem Rabinovich, Roch, Silbermann 1998; Lindner 2003; C-W, Lindner 2008

The following are equivalent for all p € [1, o¢]:
o Ais Fredholm on /P,
@ all limit operators of A are invertible on (P,

@ all limit operators of A are injective on /*°.

...moreover, the Fredholm index of A does not depend on p.

If we repeat the same argument with A/ — A in place of A, we get:

Essential Spectrum Rabinovich, Roch, Silbermann 1998; Lindner 2003; C-W, Lindner 2008

specks(A) = (Jspec(An) = |Jspecoini(Arn),  p € [L00]
h h
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Limit operators and the Fredholm index

Think of our bi-infinite banded matrix A as a 2 x 2 block matrix:

'I' ] \\

! ’A | \
Q \ A+ /i

Then
Ais Fredholm iff A, and A_ are Fredholm
SpeCec A = SpeCe At U spece A
indA = indAy + indA_
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Limit operators and the Fredholm index

' an, v{‘ Uf

én e "'-él(/

Simon Chandler-Wilde Random Tri-Diagonal Operators



Limit operators and the Fredholm index

i“ | Zm“{ﬂ;li

=
W
1

én e ('-élt/
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Limit operators and the Fredholm index

i ] , Aavg v{‘ (e

-f'—rﬁd(m&..,
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Limit operators and the Fredholm index
(L ) ”
! wﬁ} ] ;.vwm{‘("(i

-f'_l’f.d[w(:a...,
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Limit operators and the Fredholm index

indA = indA, + indA_ ]

Theorem Rabinovich, Roch, Roe 2004

ind Ay = ind By for all limops B of A at +00
indA_ = ind C_ for all limops C of A at —oc0
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Limit Operators and Semi-infinite Matrices

Essential Spectrum

SpeCes A = UspecggintAh.
h

If Ay is Fredholm then

indA; = indB; for all limops B of A}
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Limit Operators and Semi-infinite Matrices

Essential Spectrum

SpeCes A = UspecggintAh.
h

If Ay is Fredholm then

indA; = indB; for all limops B of A}

specAr = spece A+ U {A:ind (A — Ay) # 0}
@] {)\ :ind ()\I_|_ — A+) =0 and CY()\I_|_ — A+) 7£ 0}
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Limit Operator Methods Applied in the Random Case

@ Application to Random Matrices: our Main Results
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The Random Case: Limit Operators

Let U, V and W be compact sets in C and

Voo W_1

u_-» Vv_1 W
A = u_1 v wm (1)
up Vi Wo

v

with random iid entries
uielU, vyeVand w; e W. (2)

Then, with probability one, A is pseudo-ergodic: the set of all
limit operators of A equals the set of all operators of the form (1)
with entries (2).
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The Random Case: Limit Operators

Put
JU,V,W) = {matrices (1) : uje U, vieV, we W},
VEU,V,W) = {AeJ(U,V,W) : A pseudo-ergodic }. J

Vo W_1

u_o Vv_1 w
A = u_q Vo Wi (1)
up vi w2

up V2
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The Random Case: Limit Operators

Put
JU,V,W) = { matrices (1) : v e U, v; eV, w; € W},
VE(U,V,W) = {AeJ(U,V,W) : A pseudo-ergodic }.

For A€ WE(U, V, W), the set of limit operators is all of
J(U, VvV, W).
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The Random Case: Spectral Sets

Put
JU,V,W) = {matrices (1) : uje U, vieV,w e W},
VEU,V,W) = {AeJ(U,V,W) : A pseudo-ergodic }.

For Ac VE(U, V, W), the set of limit operators is all of
J(U, V,W). Hence, the following are equivalent:

@ A is Fredholm,
@ A is invertible,
e all Be J(U, V,W) are invertible.
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The Random Case: Spectral Sets

JU,V,W) = { matrices (1) : v € U, v; eV, w; € W},
VE(U,V,W) = {AeJ(U,V,W) : A pseudo-ergodic }.

For A€ WE(U, V, W), the set of limit operators is all of

J(U, V,W). Hence, the following are equivalent:

o A is Fredholm,
@ A is invertible,
e all Be J(U, V, W) are invertible.

In other words, for A€ WE(U, V, W):

SpeCe A = specA = Uspec B,

with the union taken over all B € J(U, V, W).
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The Random Case: Fredholm Index

If A is pseudo-ergodic and Fredholm, then, for all choices v € U,
veVandwe W:

}"3 | Zaverkitle
. T T
. . %
indA_ = ind S : \
S w / s: \
K_ r \
) | | | -
u v A i"" 7“,’"’* - ! Fredlila,
? \ |
\ g, |
v o w \ Jg /
indAy = ind | u L
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The Random Case: Fredholm Index

If A is pseudo-ergodic and Fredholm, then, for all choices u € U,
veVandwe W:

indA_ = ind W = wind(Eyw, V)

indA; = ind | v . . | = —wind(Eyw, V)

E, w is ellipse with half-axes of length |u| + |w| and | |u| —| w||,
focal points +2/uw.
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The Random Case: Fredholm Index

If A is pseudo-ergodic and Fredholm, then, for all choices v € U,
veVandwe W:

indA_ = wind(Eyw, V), indAy = —wind(E, w, V)

uw

E, w is ellipse with half-axes of length |u| 4+ |w| and | |u| —| w||,
focal points +2/uw.
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The Random Case: Spectrum of A,

For A, pseudo-ergodic:

SPeCe At = UspecB = SpeC,cA = specA J

with the union taken over all B € J(U, V, W), and

General Tri-Diagonal Formula Lindner & Roch 2011

specA;r = spece Ar U {A:ind (A — Ay) # 0}
U{r:ind(Aly — Ay) =0 and a(Aly — AL) # O}
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The Random Case: Spectrum of A,

For A, pseudo-ergodic:

SPeCe At = UspecB = SpeC,cA = specA J

with the union taken over all B € J(U, V, W), and

General Tri-Diagonal Formula

Lindner & Roch 2011
specA;L =

SPeCess A+ U spec™ AL
U{A:ind(Aly — Ay) =0 and a(Aly — AL) # O}

where

spec*Ay = {A:ind (A1 — A}) # 0}
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The Random Case: Spectrum of A,

For A, pseudo-ergodic:

SPeCe At = UspecB = SpeC,cA = specA J

with the union taken over all B € J(U, V, W), and

General Tri-Diagonal Formula Lindner & Roch 2011

specA; = spece A+ U spec*Ay
U{A:ind(Aly — Ay) =0 and a(Aly — AL) # O}

where
spec*Ay = {A:ind (A1 — A}) # 0}

satisfies

spec*A+ C ﬂ (V + int(Eu,W)) C spec*A+ U SpecessA+'

u,v,w
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Special Case U = {u}, V = {v}, W ={w}

In this case A is a Laurent operator, and A, the associated
(tri-diagonal) Toeplitz operator, and our results simplify to:

SPeCec At = Uspec B = spec, ;A = specA

with the union taken over all B € J(U, V, W), and

General Tri-Diagonal Formula

Lindner & Roch 2011

specA; = spece A U spec*Ay

U {)\ s ind (A/Jr — A+) =0 and CJZ()\/Jr — A+) 7’5 0} )

where

spec*AL C ﬂ (v +int(Eyw)) C spec™Ay Uspec. Ax.

u,v,w
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Special Case U = {u}, V = {v}, W ={w}

In this case A is a Laurent operator, and A, the associated
(tri-diagonal) Toeplitz operator, and our results simplify to:

SpeCees At = spece A = specA

and

General Tri-Diagonal Formula Lindner & Roch 2011

specA; = spece A+ U spectAy
U {)\ :ind ()\I_|_ — A+) =0 and Oé(AI_;_ — A+) # O}

where

spec*A+ Cv+ int(Eu,w) C SpeC*A+ U specegs Ay
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Special Case U = {u}, V = {v}, W ={w}

In this case A is a Laurent operator, and A, the associated
(tri-diagonal) Toeplitz operator, and our results simplify further
due to:

Coburn’s Lemma Gohberg 1958, Coburn 1966
If the Toeplitz operator A, is Fredholm, then a(A;+) =0 or
B(A+) =0.
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Special Case U = {u}, V = {v}, W ={w}

In this case A is a Laurent operator, and A, the associated
(tri-diagonal) Toeplitz operator, and our results simplify further
due to:

Coburn’s Lemma Gohberg 1958, Coburn 1966

If the Toeplitz operator A, is Fredholm, then a(A;+) =0 or
B(A+) =0.

Corollary

{A:ind(AL—Ay)=0and (M. — Ay) £ 0} =0

so that

spec A} = spece A+ Uspec™Ay = spece At U (v +int(Eyw)) -
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The Random Case: Spectrum of A,

Coburn’s Lemma for Random Toeplitz Operator C-W & Lindner 2011

If A4 is pseudo-ergodic and Fredholm, then a(Ay) =0 or
B(A) =0.
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The Random Case: Spectrum of A,

Coburn’s Lemma for Random Toeplitz Operator C-W & Lindner 2011

If A4 is pseudo-ergodic and Fredholm, then a(Ay) =0 or
B(A) =0.

{A:rind(My —Ay)=0and a(AMy —Ay) #0} =10
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The Random Case: Spectrum of A,

Coburn’s Lemma for Random Toeplitz Operator C-W & Lindner 2011

If Ay is pseudo-ergodic and Fredholm, then a(Ay) =0 or
B(A+) =0.

Corollary

{A:ind(AL —Ay)=0and a(My — Ay) £ 0} =0

so that
spec AL = spec, A+ Uspec™ Ay
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The Random Case: Spectrum of A,

Coburn’s Lemma for Random Toeplitz Operator C-W & Lindner 2011

If A4 is pseudo-ergodic and Fredholm, then a(Ay) =0 or
B(Ay) = 0.

Corollary

{A:ind(My —Ap) =0and oMy — Ap) #0} =10

so that

spec A = spec AL Uspec” AL = spec AU m (v+int(Eyw))-

u,v,w

Simon Chandler-Wilde Random Tri-Diagonal Operators



The Random Case: Summary

If Ais pseudo-ergodic then

SpeCesA = specA = UspecB:UspecggintB
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The Random Case: Summary

If Ais pseudo-ergodic then

SpeCesA = specA = UspecB:UspecggintB ‘

and if Ay is also pseudo-ergodic, then

SPeCessAt =  SPecCeg A

specAy = speCe Ap U ﬂ (v+int(Eyw))

u,v,w
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The Random Case: Summary

If Ais pseudo-ergodic then

SpeCesA = specA = UspecB:UspecggintB

and if Ay is also pseudo-ergodic, then

SPeCessAt =  SPecCeg A

specAy = speCe Ap U ﬂ (v+int(Eyw))

u,v,w

Example C-W & Davies 2011
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Solving A, x = b

Obvious idea (finite section method) is to approximate
A+X+ = b+ by Aan = bn.
We hope that this is stable, i.e. sup ||A;}|| < oo, and convergent,
n>N

i.e. solution of A,x, = b, extended by zeros, converges to Ajrlb+.

A standard results for projection methods tells us that, for
1 < p < o0, stability implies convergence.
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Solving A, x = b

Obvious idea (finite section method) is to approximate
Aixy =by by Apxy= by
We hope that this is stable, i.e. sup ||A;}|| < oo, and convergent,
n>N

i.e. solution of A,x, = b,, extended by zeros, converges to Ajrlb+.

A standard results for projection methods tells us that, for
1 < p < o0, stability implies convergence.

Theorem Baxter 1962, Gohberg & Feldman 1974
If Ay is Toeplitz and invertible, then the finite section method is
stable.
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Solving A, x = b

Obvious idea (finite section method) is to approximate
A_|_X+ = b+ by AnX,-, = bn.
We hope that this is stable, i.e. sup ||A;}|| < oo, and convergent,
n>N

i.e. solution of A,x, = b,, extended by zeros, converges to Ajrlb+.

A standard results for projection methods tells us that, for
1 < p < o0, stability implies convergence.

Theorem Lindner & Roch 2011, C-W & Lindner 2011
If Ay is pseudo-ergodic, then the finite section method is stable, in
fact

sup [|A; ]| < oo.
n>1
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Conclusion

For the random tri-diagonal matrices A (bi-infinite) and A
(semi-infinite) we have, almost surely, that A and A, are
pseudo-ergodic, which leads to:

o Characterisation of specy A = spece, A = spec A as union of
£°° eigenvalues of all possible operators with values in U, V,
w.

@ Explicit formula, as intersection of ellipses, for a set S such
that spec Ay = S U spec. A+, via an index formula and a
Coburn’s lemma.

o That if Ay is invertible, then the finite section methods for
approximating Ajrlb+ is stable.
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