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Notations & Definitions 1(3)

A € My (C) Eigenvalues and Eigenvectors

Ag=XAg<— (M —A)g=0

Jordan Canonical Form

AQ = QJ

Jordan Matrix J = diag(Jq, -+, Jp),

J; =diag(J; 1, -+, i)
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Notations & Definitions 2(3)

Matrix Polynomial

L) = MAg 4 - + A1 + Ao, A; € Mn(C)
e Degree deg(L(N\)) =4

e Dimension dim(L(\)) =n

e Regular ;< det(L(A)) Z0

e Unimodular < det(L(A\)) =c# 0

e Monic (& Ay = Iy



Notations & Definitions 3(3)

General Matrix Polynomial

L(A) = XA, 4 -+ A1 + Ao,

here the A; are m X n.

There exist unimodular Matrix Polynomials
UM € My (C), V(M) € Mp(C) such that

L(A) =UMN)DMNM)V(AN)
Smith Normal Form
D(A) — dlag(dl(A)a e 7d7“()‘)7 07 Ty O)

d;(\) invariant factors or elementary divisors
satisfying d;_1(\)|d;(\), trivial dp(A\) =1

E(L(A)) :=(d1(N),---,dp(N)) nontrivial elemen-
tary divisors



Linearizations 1(2)

Linear Matrix Polynomial
M+ B
unimodular Matrix Polynomials E()),G(\)
EMW (A + B)G(\) = diag(Ip, -+, In, L))
then MA 4+ B is a Linearization for L()\)

Monic case:
L) =M + 2714, 1+ 4+ XA + Ag
Companion Linearization Al — C

Companion Matrix

0 In 0 0
: 0O .. .. :
C = ; : 0
0 0 0 In
| —Ag A1 - Ay o —Ap g



Linearizations 2(2)

Unimodular Matrix Polynomials for AI,,, — C

: ' ‘ Vi
G =4 " En
In M, --- \11,
0 0O —I, O]
: 0
E(\) = 0 R 5 ;
P o P I
where, for 1 =1,---,4 -1,

1—1 '
PZ(A) L= Z Ag_|_k:_7;>\k —+ )\an
k=0



Isospectral Systems

Matrix Polynomials L()\) and L()\) are called
Isospectral &

they share the same (nontrivial) elementary di-
visors d; ().

Cp :={LN) |E(LN)) = (d1(N), -+, dp(N))}

e Equivalence Transformations

e Generate Cp

e Overview over Cp

e Canonical Form L.(\) € Cp



Structure Preserving Transformations 1(4)
L(X\) monic and Y € M, (C) nonsingular

~ L(\) :=YL\)Y 1 and L()\) are isospectral.
Are there more?

Monic case M, — C. For any X € C**"¢ such
that

X
Ty = X_C
R
IS nonsingular
T.CT, ' =C
is a Companion Matrix associated with
B
L(N\) = X1, — xofTt ”\:I”
! AE_.lln |

Ty IS called
Structure Preserving Similarity (SPS) for C.
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Structure Preserving Transformations 2(4)

Special cases:

Y € M,(C) nonsingular, X = [Y0---0] then

In
A,

L) = X1, — xctfT 7t =YL\)Y !

i )\E—lIn

strict similarity transformation of L(\).

X =[I,0---0] then T), = I,;;y and T,,CT; 1 = C
More general consider the Centralizer
Zo:={Z|ZC =CZ}

then every nonsingular T' € Z»~ is called
an Automorphic SPS for C.



Structure Preserving Transformations 3(4)

L(N\) L(\)
L L1
' Ox N
A, —C - M,y —C

Given P()\) of degree ¢ and dimension n with
Jordan Matrix J. Define

Sp i={X € cnxnt | T, nonsingular}
then
{(7'exL)L(N) | X €Sn} CCp

Are there more?
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Structure Preserving Transformations 4(4)

Let m,k € N,k > 1, such that mk = nf. For any
X € CmXnl with

X
XC

T, = nonsingular

XCf.k—l

Tf,n,»bCTﬂtb1 —Cisa companion matrix associated
with the monic system

Im
L) = X, — XOFT -t Alm

] )\k—llm

of dimension m and degree k.

(71O L)L) | X € Sm,m # nl,m|(nt)} = Cp

11



Examples 1(3)

Several cases for the initial system

L)) =
B M43 1 JA[ 69 6 | 157 1
2721328 27 | 771960 141 | 7| 888 209

with dim(L(\)) = 2 and deg(L(\)) =3

Case A: (m,k) = (1,6)

X1 =1(1,2,3,4,5,6) € S with cond(T}) ~ 104
and T10T1_1 — C companion matrix associated
with the one-dimensional system of degree 6

L)) = A%—10\54472%—140)342712%2—3307A+225

the characteristic polynomial of C.
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Examples 2(3)

Case B: (m,k) = (2,3)

For

. — | 44 —40 0 0 0O
27 | 204 127 —-292 —26 0 7

T> has condition number ~ 90 and applying
the SPS vyields the upper-triangular system

L) =

3, 2|5 3 11 10] [15 11
AT A[o 5]+”\lo 11 0 15
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Examples 3(3)

Case C: (m,k) = (3,2)

The choice

[ 30 67 —-102 —-32 7 7 ]
X3=| 12 166 —312 —60 28 14
| 861 273 —630 —42 21 21

leads to cond(713) ~ 386 and T30T3_1 =C is
the companion matrix of the monic, bi-diagonal
system of degree 2

N (2 0 0] [5 1 0]
L) =XI3—X|020|+|050
' 006] |00 9]
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Filters 1(2)

F -
L(X) L(X)
L L1
' Ox R
M, — C -\, —C

o E(A\)(M,0—C)G(N) = diag(In, -, In, L(\))
o E(\) (I, — C)G(\) = diag(Im, - -, Im, L(\))

o Trn(Ing— )Tt =10 —C
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Filters 2(2)

Filters F(\) and F()\) isospectral Matrix Poly-
nomials of degree ¢/ — 1,k — 1, resp.

FOO)L(\) = LV)F()

Example:
210 O 1 O O 1
b0 =22| 5 3|25 5|+ |1 o)

NSRS

FOO)LO)(F(\)™ ! =diag\2+2+1,0-1)
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Conclusions

e Isospectral systems can have different de-
gree and dimension.

e EXplicit knowledge on spectral properties is
not required.

e [Isospectral systems are related via struc-
ture preserving transformations.

e [ he concept of Filters does not require any
linearization.
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