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Approximation of spectra

Let H be a Hilbert space and A: 'H — H be a closed densely
defined operator. How can one find / aproximate the spectrum
Spec(A) of A?

Projection methods: Let (Lx)«en be a sequence of closed
linear (finite dimensional) subspaces of Dom(A) such that the
corresponding orthogonal projections Py : H — L, converge
strongly to the identity operator /. Let A(A) be the set of all such
sequences of subspaces.

Let Spec(A, L) be the spectrum of PcA : L, — L. One might
hope that
klim Spec(A, L) = Spec(A),

where “lim” is defined in an appropriate sense.
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Approximation of spectra

Example

Let H := (5(Z),
A be the right shift operator: Ae, = e,1, N € Z,
and let £, := span{e,}k__,.

Then Spec(A) = {¢ e C: |¢| =1},
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hold for self-adjoint operators?
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Does
klim Spec(A, Lx) = Spec(A)

hold for self-adjoint operators?

No!
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Approximation of spectra

If A= A* is bounded, then
klim Spec(A, Lk) 2 Spec(A).

This is not the case for unbounded operators.

Theorem. (M. Levitin & ES, 2004)

Let A= A* be unbounded above . Then for an arbitrary
sequence (Lk)ken € N(A) of finite dimensional subspaces and
arbitrary e \, 0, Ry /" +oo there exists (L} )ken € N(A) such
that

|Px — Pll <ex and Spec(A, L)) C (Rk,+x), Vk €N,

where P, : H — L) are the corresponding orthogonal
projections. A similar statement holds for operators unbounded
below.
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Spectral pollution

Let Spec(A) the closure of Spec(A) in R := R U {£o0},
Specqss(A) := Spec(A)\{isolated eigenvalues of finite multiplicity },

Specess(A) := Spec(A)\{isolated eigenvalues of finite multiplicity}.

Theorem. (M. Levitin & ES, 2004; A. Pokrzywa, 1979)

For any \ € conv (§pecess(A)> \ Spec,.(A) there exists an
increasing sequence (Lk)ken € N(A) such that

A € Spec(A, L), Yk € N.




Second order relative spectra of A = A*

E.B. Davies, 1998: Suppose £ ¢ Dom(A?) and let P be the
orthogonal projection onto £. Then

Specy(A, L) :={ze C: P(A—2zl)?: L — L is not invertible}.

M. Levitin & ES, 2004: Let £ be a finite dimensional subspace
of Dom(A). Then z € C is said to belong to Spec,(A, £) if there
exists u € £\ {0} such that

((A=zhu,(A-2zl)v) =0, VveL.



Second order relative spectra of A = A*

Theorem (ES, 2000; M. Levitin & ES, 2004)

If z € Spec,(A, L) then

Spec(A) N [Re z — |Im z|,Re z + |Im z|] # 0.




Second order relative spectra of A = A*

Theorem (ES, 2000; M. Levitin & ES, 2004)

If z € Spec,(A, L) then

Spec(A) N [Re z — |Im z|,Re z + |Im z|] # 0.

No spectral pollution!
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Second order relative spectra of A = A*

L. Boulton, 2006:

inm Spec, (A, Li) D {isolated eigenvalues of finite multiplicity }.

Is it true that

klim Specy(A, L) O Spec(A)?
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Example:
A= al: Ly([-m,7]) = Lo([-7,7]),
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a(x) = —3+4cosvBx, —m<x<y,
2+cosvV2x, y<x<m,

for some y € [-7/2,0].



Levitin’s question

Example:

A=al: Ly([-n,7]) — La([~7, 7)),
where

34 1cosvBx, —m<x<y,
a(x) = 22
2+cosvV2x, y<x<m,

for some y € [-7/2,0].
It is clear that

Spec(A) = Specegs(A) = a([—m, 7]) = [-2,-1]U[1,3].
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y=-7/3 = “3—periodicity” in N
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y=—-mq/p = ‘“periodicity” in N with the “period”

2, if g=0,
w(q/p) == < p, if pand q are both odd,
2p, if g # 0and either p or gis even.



Levitin’s question

y=—-mq/p = ‘“periodicity” in N with the “period”

2, if g=0,
w(q/p) == < p, if pand q are both odd,
2p, if g # 0and either p or gis even.

w(qg/p) is the smallest natural number such that

wx (length of [-m, —7q/p])
and
wx (length of [-7q/p, 7])

are integer multiples of 2.
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Then
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Levitin’s question

Let
-1, —nr<x<y,
b(x)_{ 1, y<x<m.
Then
~ ~ 2i(—1)" ;
by = —2y, bp= ’(n) (1—e’”(”*y)>, nez\ {0},

If y = —mq/p, then e"(™=¥) is w(q/p)—periodic in n.

Do we really have “periodicity” of eigenvalues in the gap? If
yes, why?




Level sets of the resolvent norm

Let A: X — X be a bounded linear operator on a Banach
space X.

J. Globevnik 1976, A. Bottcher 1994:
Can the level set
AeC: [[(A=XD)""| =1/}

have an open subset?

)

Can ||(A — \I)~|| take a finite constant value on an open set?



Level sets of the resolvent norm

J. Globevnik 1976:

No, if X (or X*) is complex uniformly convex, or if the resolvent
set of Ais connected —

No, if X is a Hilbert spaces, X = L,(S, ¥, ;1) with 1 < p < o0,
where (S, ¥, 1) is an arbitrary measure space, or if X is finite
dimensional.



Level sets of the resolvent norm

J. Globevnik 1976:

No, if X (or X*) is complex uniformly convex, or if the resolvent
set of Ais connected —

No, if X is a Hilbert spaces, X = L,(S, ¥, ;1) with 1 < p < o0,
where (S, ¥, 1) is an arbitrary measure space, or if X is finite
dimensional.

ES 2008: Yes
ES and S. Shkarin 2009: YesS, even if X is separable, reflexive
and strictly convex.



Level sets of the resolvent norm

Example (ES 2008) Let B: /5(N) — /o(N),

B = diag(B;, By, B, .. ) with B, = ( 0 )
n

where 2 < ap - ocoasn—ooand B :=14+1/ap.

Then B is a closed operator with the dense domain

Dom(B) = {x = (X1,X2,...) € EZ(N)‘

oo
S 02lxenf? < oo}

n=1

and

I(B=AD)"" =1, |\<3.




Level sets of the resolvent norm

Question (J. R. Partington):

Let H be a Hilbert space and suppose a closed densely defined
operator A: H — H is a generator of a semigroup. Can
|(A— A)~"|| be constant on an open set?




Level sets of the resolvent norm

Question (J. R. Partington):

Let H be a Hilbert space and suppose a closed densely defined
operator A: H — H is a generator of a semigroup. Can
|(A— A)~"|| be constant on an open set?

Hille-Yosida: |[(A— X)~'| = O(1/)) as A — +oc.



Level sets of the resolvent norm

Theorem.

LetQ c Qg C C be open sets and Qy be connected. Let Z be a

Banach space. Suppose F : Qy — Z is an analytic vector
valued function,

IFO|I <M, YAeQ
and ||F(p)|| < M for some 1 € Qq. Then

IF(\)|| < M, VA e Q.




Perturbations of the derivative of the periodic Hilbert

transform: negative eigenvalues

Let
A( > cke”“> =) |k|cke™
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~ first order ¥DO on the unit circle T with the symbol |];
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Perturbations of the derivative of the periodic Hilbert

transform: negative eigenvalues

Let
A( > cke”“> =) |k|cke™
k=—o00 k=—0c0

~ first order ¥DO on the unit circle T with the symbol |];
~/—=AonT.

Question:

Is there a function h: Ry — R such that h(7) — +oo as
T — +o00 and

Number of negative eigenvalues of A— gl > h (HqHU (T)) ,

Vg >0, qe C>(T)?
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