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Outline

From strict equivalence to filters

How to obtain filters?

o

o

@ A parametrization of coprime filters

@ Filters with nonsingular leading coefficient
o

Stable filters
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Classical Modal Analysis of Quadratic Systems
F=RorC

L(A) = M)\ + DX + K, M,D, K € F*n

Decoupling by strict equivalence: where

Lp(\) = Diag(pi(N), ..., pa(N),  pi(N) = A%+ diX + ki (det M # 0)
Condition (n. & s.) for decoupling: DM~1K = KM~1D for

@ Symmetric systems with M >0 Caughey and O'Kelly [2], Bellman [1]

@ Symmetric systems, AM + K semisimple and its real eigenvalues of
definite type Lancaster and Z. [4]

@ General systems and AM + K with distinct eigenvalues

Ma and Caughey[5], Lancaster and Z.[4]

Few systems can be diagonalised by strict equivalence
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Modal Control

L(s)

Ma(t) + Da(t) + Kq(t) = £(£) 5% (Ms? + Ds + K) q(s) = f(s)

fe(s) f(s)

PL(s) = L(s)Q

L(s)"*f(s) = a(s)

i(s)

(s) = L(s)a(s)
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f(s) 4(s)
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Modal Control L(s)
Ma(t) + Da(t) + Kq(t) = £(£) 5% (Ms? + Ds + K) q(s) = f(s)

fe(s) fs) a(s)

L(s)"'f(s) = a(s)
f(s)
fc(S) = P*l?(s) ?7(5) — Qq(s)
f(s) (s)

f(s) = L(s)a(s)

F(s) and F(s) = Filters

fe(s) = F(s) 7 f(s) — (Fljt + Fo) fo(t) = F(t) = { det f1 7 0 and

F(s) stable  */2



Equivalence of Matrix Polynomials and Linearizations

P1(A) = UM P (M) V(N),
det U()), det V() constant # 0 polynomials.

|Isospectra| Systems= Equivalent Quadratic Matrix Polynomia|s|

A € F9%9 linearization of P()\) if Diag(/, AMly — A) and Diag(/, P()\))
equivalent (d = deg(det P(\))): Aly — A and P(\) have the same
elementary divisors or the same Jordan form.

Fundamental Theorem of Linear Algebra

If A; linearization of P;(\), i =1,2

P1(A) % Py(s) < Ay % Ay
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Equivalence leads to filters
VY =o)L (1)
UA) = LA)QRMN) + F(A),  V(A) = QIAL(A) + F(A)
’ L(N)"LF(X) and F(A)L(A) L strictly proper (or zero) ‘
Substitute in (1):
LO)QML(N) + F(N)) E (LR + F()L()
L)(QM) = QU)LY = FIL() — LVF()

QM) = Q) = LA F(N) = F)L(N) ™

Then
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Equivalence leads to filters
o Z(A)~V()\) = U(MNL(N) (1)
UA) = LA)QRMN) + F(A),  V(A) = QIAL(A) + F(A)
’ L(N)"LF(X) and F(A)L(A) L strictly proper (or zero) ‘
Substitute in (1):
L)QML(N) + F() = (LR + F(M)L()

_ _ t _
L(Q(A) = QIA)L(A) = F(AL(A) — LINF(X)

Then

. Q) = Q(\) = LA TTF(A) = FINL(A) ™ =0
an

FOVL(A) = LA)F(N)
Using Rosenbrock’s? polynomial methods

’ L(X\), F() right coprime and L(\), F()\) left coprime ‘

2State-Space and Multivariable Theory. Thomas Nelson and Sons, 1971
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Filters and Equivalence
Theorem
L(A) = MA2 4+ DX+ K y L()\) = MA2 + DX + K are equivalent if and

only if there are linear matrix polynomials F(\) = F1\ + Fo and
F()\) Fi)\ + Fo such that

(i) LA)LF(X) and F(N)L(A)™! are strictly proper rational function
matrices
(i) L(X), F()) are right coprime, and L()\), F(\) are left coprime?
(i) F(ANLA) = LAF(N)

?P. A. Fuhrmann: On strict system equivalence and similarity. Int. J. Control (1977),
25 (1), 5-10.
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Filters and Equivalence
Theorem
L(A) = MA2 4+ DX+ K y L()\) = MA2 + DX + K are equivalent if and

only if there are linear matrix polynomials F(\) = F1\ + Fo and
F(A) = Fi) + Fo such that

(i) LA)LF(X) and F(N)L(A)™! are strictly proper rational function
matrices
(i) L(X), F()) are right coprime, and L()\), F(\) are left coprime?
(i) F(ANLA) = LAF(N)

?P. A. Fuhrmann: On strict system equivalence and similarity. Int. J. Control (1977),
25 (1), 5-10.

(ii) = F(A) and F()) are filters from L()) to L(\).
If F(X) and F(\) satisfy (i)-(iii): Strictly proper coprime filters.
If det M # 0 and det M # 0, (i) always holds true.

If F(\) and F()) are strictly proper coprime filters from L(\) to L())
then they are equivalent. 7/24



Controllability, Observability and Minimal Realizations

A E ]Fan’ B E anm, C E ]prn
o (A, B) controllable rank [B AB --- A" 1B] =n

C

CA
e (C,A) observable rank ] =n

CAnfl
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Controllability, Observability and Minimal Realizations

A 6 ]Fn><n’ B E IE‘”XI’T)7 C E FPX”
o (A, B) controllable rank [B AB --- A" 1B] =n

C

CA
e (C,A) observable rank ] =n

CA—1
If G(\) is a matrix of strictly proper rational functions, then there always
exist A, B and C such that G(\) = C(\ly — A)~!B.
e (A, B, C)= realization of G(\)
@ d= order of the realization

(A, B, C) minimal realization if d is as small as possible < (A, B) control-
lable and (C, A) observable.

v
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Controllable and Observable Realizations of Matrix
Polynomials

L(X) n x n matrix polynomial with deg(det L(\))
Definition

d

@ (A,Y) controllable realization of L(\) if Y full rank d x n and
NALA) L= (Mg — ALY

@ (X, A) observable realization of L(\) if X full rankf n x d and
LIN)TINN) = X(Mly — A)7E
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Controllable and Observable Realizations of Matrix
Polynomials

L(X) n x n matrix polynomial with deg(det L()\))
Definition

d

@ (A,Y) controllable realization of L(\) if Y full rank d x n and
NA)LA) L =My — ALY

@ (X, A) observable realization of L(\) if X full rankf n x d and
LIN)TINO) = X(Mlg — A)L

] There always exist controllable and observable realizations of L(\) ‘

If L(A\) and L()\) are isospectral there are X, A and Y such that (Y, A) is

a controllable realization of L(\) and (X, A) is an observable realization of
L(M)
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Obtaining coprime filters

NOLO) Y = (Mg — A)LY & (Mg — AN(N) = YL()

- Ny = YM

If L(A) and L(\) |sospectra| N LA™Y = (M — A)~LY and
L) IN(A) = X(Al — A)~* then
XM — ALY = XN(A) L)L = L) TN Y
—— ——
F(X) F(N)
LAF() = FOOL()
F()\) and F()) strictly proper coprime filters from L()) to L(A) and

F(A) = XYMA 4 (XYD + XAYM), F(\) = MXY X+ (DXY + MXAY)
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Obtaining coprime filters

NOLO) Y = (Mg — A)LY & (Mg — AN(N) = YL()

- Ny = YM

If L(A) and L(\) |sospectra| N LA™Y = (M — A)~LY and
L) IN(A) = X(Al — A)~* then
XM — ALY = XN(A) L)L = L) TN Y
—— ——
F(X) F(N)
LF(A) = FOL()
F()\) and F()) strictly proper coprime filters from L()) to L(A) and
F(A) = XYMA 4 (XYD + XAYM), F(\) = MXY X+ (DXY + MXAY)

And conversely
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Diagonalizable systems and Krylov subspaces
L(A\) = MA? + DA+ K, L()) = Diag(pi(\)), pi(A) = A + did + ki
Linearizations

G = [2 :gl\l\;,’j] ;AL = Diag(Ar;), ALi = [(IJ :5:]
L()\) and L()\) isospectral
T € Glp,(F) sII t. T =TA,
T=[b Cb1 b IICLbZ -+« by Crby
and CLzb,- + d;iC b + kibj = pi(CL)bj =0
)

Fr=VieWVo oV,

Vi =< b;, C;bj > a Ci-cyclic (Krylov) subspace of dimension 2 with
minimal polynomial p;()\).
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Filters for diagonalizable systems |

X =[0 MYy =Diag(Ys,...,Yn), Vi = H

0
e (AL, Yo) controllable: rank [Yg AYy - Ai”_l Yo] =
rank [yl Ayt -+ Yn ALy,,] =rank b, = 2n
X
XC, -1
e (X, Cp) observable: rank , = rank [Mol M* ] =2n
xcznt
Abp—C
N(s) (o 1) 1
/ NPV KM~
_ 2 —1 —-17 _ n
L)X =1[0 Xl +ADM™Y + KM™1| = [I, Al [—In Mo+ DI\/Il]
X2 +dd+ k] A ki T [A+d] ~
Vipi(A) = [ ' ] - [_1 )\+d,-] [ 1 } — (M — AR

If N(\) = Diag(N;()\)) o
XM — C)7L = L) IN() and (Mo — AL)7HYo = N(A)L(N) L
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Filters for diagonalizable systems |l
A= TﬁchT, T = [bl Cbi --- by CLbn]Z
(Man — C) " TYy = TN L(A)
oy (XTNQ)LOA) ™ = FO)L(A) !
X0 - 6074 = { MR Y Py

(X, C)=observable realization of L(\), (C., TYo)=controllable
realization of L(\)

and

TYo=[b1 by - by
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Filters for diagonalizable systems |l
A= TﬁchT, T = [bl Cbi --- by CLbn]Z
(Map — €)™ TYo = TN(A)L(N) ™

and gy = [ (XTNQ))LA) ! = FO)L()

X0 - 6074 = { MR Y Py
(X, C)=observable realization of L(\), (C., TYo)=controllable
realization of L(\) N N

LF(A) = F(ALA)

b;
TYo=[b by - by If b= [b;j:

Fori=1,2,....n, LA\ (vitA + vi2) = (A\®> + d; A + k;)(bi2 A + bi1) where
Vi1 = M_lb,'z and vjp = M_l((d,'/n — DM_I)biz I b,'l).
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Filters for diagonalizable systems |l
A= T_chT, T = [bl Cbi --- by C[_bn]:
(An — C) ' TYg = TN(A)L(N) !
and - (XTNO)L(A) ™ = FO)L)
— 1 —
X(An = €)™Y { L) "Y(N(A) TYo) = L(A)LF(N)
(X, C)=observable realization of L(\), (C., TYo)=controllable
realization of L(\) N N
LINF(A) = F(ALA)
b1
TYo=[b by -~ by Ifb= [b,-z]:
Fori=1,2,...,n, L()\)(V,'1>\ aF V,'2) = ()\2 + diA+ k,‘)(b,’z)\ T b,‘1) where
Vi1 = M_lb,'z and vjp = M_l((di/,, — DM_l)biz ar b,‘1).

|

Analogy

If (Ao, v) is an eigenpair of AA+ B

(MA+ B)v =0 (A + B)v = (A — A)(Av)

13




Example

A(CL) =

pi(A) =

p2(A) =

L)) = /\2[1 2]+>\B g%

{1,2,-2,—1}. Eigenvectors:

-2
-1
1

A+1)(A—1) = by =

-1

(A+2A=2) = b= |

4
bio A+ by = |:g:| A+ |:0

FO) = {2[; 224 FO) =

L(ANF(A) = F(A)LA)
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Stable filters with Regular leading coefficient

For any two isospectral systems:

’Are there always STABLE filters with REGULAR leading coefficient?

F()\) = F1A + Fo STRONGLY REGULAR if det F; # 0
F()) stable if its eigenvalues are placed in a prescribed region of the
complex plane.

How to obtain all filters?‘
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Parametrizing filters

T ={(X,A,Y):(X,A) obs. real. L()A),(A,Y) cont. real. L(\)}
F(\) = XYMA + (XYD + XAYM), F()\) = MXY X+ (DXY + MXAY)

Similar triples (X, A, Y) — (XP,P~1AP,P71Y))in T
produce the same filters.

Conclusion: If F is the set of all strictly proper coprime filters from L())
to L()), then the mapping

0:T/Gl— F

given by
o([X, A, Y)]) = (XYMA + (XYD + XAYM), MXY X + (DXY + MXAY))

is a bijection.
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A better parametrization?
Given (Xo,Ao, Yo) eT, let Z(Ao) = {H : HAy = AoH} and

Z*(Ao) = {H invertible : HAy = AoH}
Theorem

v Z%(Ay) — F
given by B
P(H) = (F(A), F(A))
F()\) X()HYOM)\—F(XoHYOD+XOHAOYOM)

F()\) MXoHYoA + (DXoHYO + MXyHAq Yo)
is a bijection.

17 / 24



A better parametrization?
Given (Xo,Ao, Yo) eT, let Z(Ao) = {H : HAy = A()H} and

Z*(Ao) = {H invertible : HAy = AoH}
Theorem

WV Z*(Ag) — F
given by B
Y(H) = (F(A), F(X))

E()\) XOHYOM)\—F(XoHYOD+XOHAOYOM)
F()\) MXoHYoA + (DXoHYO + MXyHAq Yo)
is a bijection.

Natural choices of Ag for diagonalizable systems:
@ complex or real Jordan form
@ block-diagonal companion of the diagonal system
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Existence of Strongly Regular Filters

F(A) = XHYMA+(XHYD-+XHAYM), F(A) = MXHY A+(DXHY +MXHAY')

If det M = 0 no strictly proper coprime strongly regular filters
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Existence of Strongly Regular Filters

F(A) = XHYMA+(XHYD-+XHAYM), F(A) = MXHY A+(DXHY +MXHAY')

If det M = 0 no strictly proper coprime strongly regular filters

If det M # 0 "almost all” strictly proper coprime filters are strongly regular
"Almost all” = all but a set defined as the solution of a finite number of
polynomial equations.
Set of strictly proper coprime filters with regular leading coefficient can be
identified with

C={He Z*(A) : det(XHY) # 0}
(X, A) obs. real. of Z()\) and (A, Y) cont. real. of L()).
If C # (0 then it is open and dense in Z*(A).
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Strongly regular filters for diagonalizable systems |
31 3 6] [6 2] ~.,, [M2-1 0
T I EPY I R A TGV R Ve

0 I, 0 1] o 1
CR‘[—M—lK —M-1 D] AR_Dlag([l o}’[zx OD

X = Diag ([1 0],[1 0]),vo= {,V,Ol]

(X, Ag)=observable realiz. of L(\), (Cr, Yo)= controllable realiz. of L(\)
If T-1CrT = Ag then (Ag, Y)= controllable realiz. of L()\), Y = T 1Y

F(A) = MXY X+ DXY + MXARY = [_33//55 —11/{_)5} - [_12//55 _63//55]

_ [8/5 1/5 0 2
F(A) = XYMA + XYD + XAg YM = [_8/5 _1/5}A+ [o _1]
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Strongly Regular filters for diagonalizable systems |l

) a b c d
H € Z(Ag) < H = Diag(H1, H2), H1 = [b a} Ha = [4d c} ’

Y1

1 AR

ya

N
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Strongly Regular filters for diagonalizable systems |l
H € Z(AR) < H = Diag(H1, H), H1 = [a ﬂ Hy = [C d} ;

b 4d ¢
n
S B R AR R
c d| |» cl s d] |ya
Ya
F(\) = MXHYX+ DXHY + MHXARY
[ 3a+b _ a+3b a+3b _ 3a+b
— 5 5 ])\+[ 5 5 ]
_ 3c+2d c+6d _ 2c+12d  6¢c+4d
L 5 5 5 5

F(\) = XHYMA+ XHYD + XHARYM

T 8a  a=5b _16b 10a-2b

_ 5 5 5

= | B 10?—4 A+ [ 164 2d—5cl
bc

L 5 5
detFy T6ad — L 16ad —
5 25
{H € Z*(AR) : det(XHY) # 0} =
{(a, b,c,d) € F*: (a*> — b?) # 0,(c? — 4d?) # 0, (2ad — bc) # 0}
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Stable filters for diagonalizable systems
Eigenvalue placement may depend on the field:

R R ey RS H RV T e
General form of filters:
F(A) = [g bﬂ At {g aCS]
FO) = [—%;5 3:/5] AT [—355 3c0/5]

If He Z(Ag) then det H = (a+ b)(a+ 2b)(c — d)(c — 2d)
[—ac/js 3c0/5} L) = L) [8 aﬂ
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Stability as an inverse eigenvalue problem on pencils
Assume L()) and L(X) are isospectral systems, (X, A) an observable

realization of L()\) and (A, Y) controllable realization of L()). Then there
are strictly proper coprime filters F(A) and F(\):

XM — ALY = FO)LO) ™ = L) ()

Irreducible matrix descriptions of the same rational matrix.
Rosenbrock’s theory:

o (A — A), L(\) and L()\) have the same elementary divisors
o F(N), f()\) and [)\I_;(A ﬂ have the same elementary divisors.

Given (X, A, Y) with (X, A) an observable realization of L()\) and (A, Y) a
controllable realization of L()\), characterize

A { [A_’;HA g] He Z*(A)}
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Conclusions

o Stable Filters with regular leading coefficients can be used for modal
control of Quadratic Systems

@ Equivalence of Quadratic Systems can be given through strictly
proper coprime filters

@ Basic control theory can be used to obtain strictly proper coprime
filters

@ The set of strictly proper coprime filters between two systems can be
parametrized with the centralizer of any linearization as a
parametrization space.

@ If the mass matrix is singular there is no strictly proper coprime filters
with regular leading coefficients

o If the mass matrix is regular almost all strictly proper coprime filters
have regular leading coefficients

@ The characterization of the Smith invariants of filters is a big usue
that remains unsolved
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